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1 Introduction

In this summary we will first discuss general background on CFT and some
prerequisites for understanding Zamolodchikov’s c-theorem, After that we will
give a prove of the ¢ - theorem and give an application of the ¢ - theorem.
Then we will discuss Cardy’s a-theorem and end with the current status of the
a-theorem.

1.1 Definitions
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Within expectation value signs:

Al = Al (1'1) (3)

1.2 Background on CFT

A conformal field theory (CFT) is a field theory which is invariant under confor-
mal transformation. Conformal transformations are coordinate transformations
which leave the metric tensor invariant up to a scale factor Q(x).
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The physical nature of this invariance depends on the theory considered. If the
metric is fixed the conformal symmetry is a real physical symmetry, if the metric
is dynamical then the symmetry is a gauge symmetry. To find the constraints
on the coordinate transformation we calculate the change of the metric. Under
infinitesimal general coordinate transformation z# — z'#(xz) = z#(z) + ()
the metric changes as,
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where the RHS of the last line contains the constraints on e(z).

Veryfing that the last line of eq. is indeed conformal means that is must be
of the form of eq. ,
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with Q(z) = [1 — f(2)].

Contracting the RHS of eq. li with 677" and assuming the flat metric, leads
to f(z) = 20 ¢ and find 6° 7 [0y €, (x) + Ogrey ()] = 20 - €. To find the most
general solution to this equation we consider,

(6,0 + (d — 2)8,0,]0 - € = 0 (7)

which is obtained after applying two derivatives and contracting one pair of
indices. Solutions to eq. are at most quadratic in z if d > 2 [8]. One imme-
diately sees that d = 2 gives special properties to € which are discussed in the
upcoming chapters.

The solutions are at most quadratic in « imply that (infinitesimal) translation
€’ = a”, scaling €/ = Az”, rotation ¢/ = mfx? and the special conformal
transformation e? = b?x? — 22Pb -  are part of the conformal transformations.



1.3 Core properties of a d-dimensional CFT

The stress-energy tensor in classical flat space (fixed metric) is found when vary-
ing the action with a globally defined dz* = €*, thus making use of translational
invariance. But there is a quicker way to determine the stress-energy tensor of
a field theory. By often demanding our theory to be invariant under the local
variation dz" = €“(x) [9]. The variation of the action then takes the form,

58 = / dzJ(x)0ue(z) + ME (8)

if € is globally defined then [8]is obviously zero and we have found a symmetry
of the theory. With epsilon now depending on the spacetime coordinates we use
partial integration to find that when our matter field equations (ME) are on
shell 9,J% must be zero to have a symmetry.

Tong uses [9] the fact that if we now consider a general dynamical metric then
we can view the coordinate transformation dz* = €*(x) as a symmetry of the
metric. Knowing that the action is invariant if one makes the change dg., =
Oa€s + 0geq, as proved in , to the metric. Such that the two transformations
cancel each other.

This knowledge can be exploited by realizing that if we only transform the
metric in this way we get the opposite varation when varying the action
with dz* = €*(x). So under our coordinate transformation our action changes
as,
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where we ignored the boundary term in the last line. Concluding that 0,77 =
0, which ensures the conservation of the stress-energy tensor.

Particularly interesting in CFT is the coordinate change related to scaling dx* =
e*(x) = Az*. Easily calculating the change of the metric as,
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demanding that the action vanishes we conclude that T“ﬂéag =T2 =0, the
stress-energy tensor vanishes in a classical CFT. This statement will also hold
in the quantum regime in flat spacetime.

In quantum curved space we get that the (Tg) = —i5R where R is the ricci
scalar and c is the central charge. The central charge is equal to the number of
degrees of freedom. For example a single free boson has ¢ = 1, a free fermion

1
has ¢ = 3.

1.4 2D CFT in complex coordinates

To get to the core of CFT we will only consider 2D(z%,z') CFT in flat space
for now. The reason why is that any analytic change of coordinates will result
in a conformal transformation. We define the complex coordinates z = x° + 2!
and z = 20 — iz! such that under this coordinate transformation our diagonal
metric d,, changes to,

1
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Continuing with our new metric and verifying that analytic coordinate trans-
formations are conformal transformations,

z— 2 = f(2)
z— 7 = f(2)

(12)
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such that
2
ds* = dzdz — ’Z‘Z dzdz (13)

which satisfies our conformal transformation defined in eq. .



1.5 Properties of stress-energy tensor in complex coordi-
nates

Considering our previously chosen complex coordinates we get some interesting
propeties of the stress energy tensor. Starting with the conservation of the
stress-energy tensor,

9, T8 = 0,178 4+ 9,778 (14)
0aT* = 0,T% + 9;T% = 9,T% =0 (15)
0uT** = 0,T% + 9;T% = 9;T% =0 (16)

lowering the indices on the stress-energy tensor leads to 9:71,, = 0 and 0,155 =
0. Hence T, is analytic and Tz is anti-analytic. Using similar arguments we
can calculate the conserved current related to the analytic variation 2’ — z+€(z)
with conserved currents J; = 0 and J, = T;.(2)e(z). For anti-analytic variation
2/ — Z + &(z) with conserved currents J, = 0 and J; = T:2(2)e(2). Hence the
analytic variation generates an analytic current and the anti-analytic varation
generates an anti-analytic current. Notice that we can also apply both variations
to create a mixture of analytic/anti-analytic currents.

Moving on to the constraint on the stress-energy tensor originating from the
traceless property

Taﬂgaﬁ = nggzé + TEZgZz = TZE =0. (17)

1.6 Callan-Symanzik equation

In the text that follows, we consider an arbitrary action functional S[¢], with
a corresponding Lagrangian £(z) such that S[¢] = [ d?zL[¢(z)] is obeyed, and
with ¢ a field. Consider also g, a set of variables that are coefficients associated
to each order of operator. Space S is the space spanned by these variables g.
Integrating the action to get the correlator, partition function and other related
functions is generally done up until a “UV-cutoff”, the highest energy at which
the theory is still valid. Correspondingly, only the operators in the Lagrangian
which are relevant below the cut-off are considered, and any sub-leading orders
of the field ¢ are truncated.

Flowing from one theory to the other by varying this UV-cutoff is the central
idea of renormalization. Varying the UV cut-off corresponds to the idea of
moving through §. In this interpretation, taking the derivative with respect to
the coefficients in set g = (g*, g2, ...) gives us basis vectors of the theory, which
we will denote by

bulx) = E’Egﬁf””” (18)

which is identical to saying that

L =g’ (19)



is a decomposition of the Lagrangian.

Commonly it is assumed that we have some definite form of Lagrangian, and
work with the theory from there. We define the variations ourselves, define the
Lagrangian, and see what the theory describes. In CFT, another method is
available: using restrictions from CFT to define what forms the formulas can
have in the first place (the conformal bootstrap).

Suppose we work in a theory where the expectation values are linked by the fol-
lowing equality (assume x # z; so that all correlation functions are convergent):

<A1...AN>:/D¢A1..-AN6XP(—S[¢]) (20)

with S the usual action and A* operators in the field theory. Using the variation
65 = (2m) ! [ d*x8,e,T" () as derived in the Student Seminar lectures, this
leads to the Ward identity,

N
(At AT L ANY = (2m)7) /d2:z:3uey (T#(x) AT ANY . (21)

i=1
Note that we have used the particular variation dz* = € to derive this.

Adding a term of the form of the continuity equation, (27)~" [ d*zd, (T X)
with X some operator, gives a divergence term:

N
<A1 LA ~-AN> _ (27T)_1 /deau <6VTHV(x)A1 .. .AN> (22)

i=1

where we have taken the liberty of integrating over the continuity equation itself
0, (I'* X). The integral of this zero-valued quantity is here again assumed to
be zero.

Zamolodchikov[2] then claims that the variation must therefore take the fornﬂ

. | .
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with A an arbitrary surface in R? and py, the completely antisymmetric tensor.
Allowing A to be arbitrarily small, we find the usual definition of the variation
of the operator A’

A logical next step is to find how an operator A specifically will vary with
x. Generally a translation will lead to the variation dA(z) = e*0A(x)/0x*,
which follows directly from the passive transformation associated to the varia-
tion dx* = e#. Similarly, a dilation from the origin can be represented as some
operator D acting on the field A(z) at = 0. An arbitrary dilation requires

translation from a point # = (z?,...) to the origin = 0, such that the arbitrary
dilation can be represented as JA(z) = A {LE“ ag“ + ﬁ} A(z) which manifestly

1But we have not been able to derive this specific form of the variation. Our best guess
as of now is that the way the trace is defined ©(z) = —T*,, one could obtain a minus sign
somewhere, but we could not verify this.



produces the correct result about x = 0. Here where we have chosen e” = Ax*.
This specific choice also has consequences on the RHS of for example eq.
and is the common argument to show that the trace of the stress-energy tensor
vanishes. In this case eq. gives

g:<A1... [mu% Jrﬁl} Ai-~'AN> _ (QW)—l/dzxa# () (T (z) AT - - AN

(24)
where, after identifying 0,2, = d,,,,, we find the trace of T" on the RHS.

Zamolodchikov’s trick is to consider a similar variation in the cut-off parameter
of the field theory, where one looks at how a general operator varies as the
RG parameters g* vary with the cut-off[2]. The idea is that we again define a
variation

§A = B,A = 8,A. (25)

Identifying 65 = 8¢, or similarly 6(z) = 278%(g)¢p.(z) in the text above (i.e.,
pick a basis with the 8 functions as coefficients as outlined in the main text),
this additional “symmetry” leads to

i <A1 . [xﬂai +Di— ﬂaaa} Al AN> = (2m)! /dzxﬂaaa ($(x) AL AN)
(26)

where the minus sign on the LHS comes from the definition of the trace 6 =
—T};. The above equation describes the running of the operator A with the
energy (implied by the beta functions) and is commonly called the Callan-
Symanzik equation. One can define additional symmetries but these turn out
to be either obsolete or composed of the symmetries described above, such that
the argument below holds identically. Also replacing D; At = 3?0‘2a with a the
scaling parameter, one recovers equation (8) from Zomolodchikov’s paper|[1].

2 Zamolochikov’s c-theorem

The c-theorem states that in 2 dimensions there is a function ¢(g) that depends
on a coupling constant g which has the following properties:

1. ¢(t) is a monotonically decreasing function of scale t:
¢ = B'(g)dic(g) < 0. (27)

At the fixed point ¢ = g* we have B(g*) = 0. 3% is the function that
generates the change of the coupling constant g*.

2. At the fixed point g = g* we have 8(¢g*) = 0 which implies that d;c = 0.
At this fixed point we have a conformal symmetry.

3. In its fixed point ¢(g*) = ¢, where c is the central charge encountered in
conformal field theory.



The goal off this digest is to show that a function (called Zomolodchikov’s ¢
function) with these properties exists.

3 Definition of Correlators

Define the usual short-hands for the symmetric energy-momentum tensor 7,

in complex coordinates (z, z) = (x! + iz? ! — iz?):

T="T,, (28)
=T, (29)
T =Ts. (30)

(Note that in the paper, Zamolodchikov defined © without the minus sign [1]
but in his book he does use a minus sign [2].)

Also define ®;(g,z) = 9;0(g,a,x), where o(g,a,x) is the action density, g the
coupling constants, a the UV cut-off scale and x the scaling parameter. The
scaling z is defined with respect to some reference action s(g,a), the correlators
of which coincide when flowing through space S along the RG flow path. Space
S is spanned by basis vectors 9; from S(g,a,x), and it is defined as x = ela
(t > 0), where ¢ is some constant which we use to rescale.

By assumption, our couplings g; run with the energy. Therefore there is a non-
zero [-function for every g;. Thus there exists a basis in which we can expand
O as follows:

0 =p3'(g9)®

Moreover we see that in a fixed point %(g*) = 0 and thus the trace of the stress
energy tensor vanishes. Thus in the fixed point we have a CFT. In a general
CFT, the following correlation functions of interest are with 22 = 2% [1]:

C(g) = 22" (T(2)T(0)) |s2=1 (31)
Hi(g) = 2%2* (T(2)®;(0)) |21 (32)
Gij(g) = * (@i(2)®;(0)) o221 (33)

Equivalently one can define, with ¢t = log(2Zz) [2]:

(o) =" (31)
o) = 1 (35)
©@e) = (36)

Where C, F' and G are invariant amplitudes under rotations.



4 Differential equations of invariant amplitudes

Zamalodchikov defines the following c-function
c(g) = Clg) + 46" Hix — 683G (37)

and then then takes the derivative:3*(¢g)d;. And uses [1],
1 _ .
§5k3k0 = —30°H; + "8, (6'H;) - (38)
BROx(B'H;) — B'Hy = B*B 0w (837 Gy) — 28" Gy (39)

To be able to prove properties 1-3 of the function ¢(g), we first show the above
relations are true.

Starting from conservation of energy momentum tensor 0*T),, = 0, we get
o <T;LVX> = glt@aa <TMVX> = guzaz <TMVX> + guzaé <T/JJ/X> =0 (40)
which leads to

GF0 T X)+g7%0; (T, X) =0 = 0. (T X)+0; (T.,X) = 0. (41)

4.1 Equation for C

In eq. , X is some function that does not depend on z, Z we insert such that
the derivative gives no contribution. Because the metric is off-diagonal only g**
appears here. Picking X = T,.(0) = 7(0) and v = z, we derive the differential
equation

9. <T:.T(0) > +0; < T..T(0) > = 0. [— Z{S?] +0; {i{?] (42)
3H(t) H@t)ot F(t) ot
:i{th?)H—H}:O (44)

from which we conclude F = —3H + H. In eq. || because of commutativ-
ity we can swap T(0) and T:,. Further, we can pick our coordinate system
appropriately so that we can swap the arguments of T and T%,.

Expanding the derivative d/dt as %0y, and writing H(t) = 3*H; and plugging
this into the differential equation, we find the first RG differential equation,

1 ) .
prEoLF = 55’%0 = —38'H; + p*or (B'H;) .

10



4.2 Equation for H

Again starting from our conservation equation with this time X = T,3(0) =

0(0), but again v = z, the corresponding equation will be:

82 <T2zT22(0)> + 82 <TzzT22(0)> =0

o[24] -5[22] -
[-28-492]-[29] . [202]

2352 2G+G+H—-H|=0
H-H=G-2G.

Plugging in 4 = %0, H = 8'H; and G = 3'87G,;, we get

BrOR(B'H;) — B H; = B*B*0,(B' 37 Gy;) — 28'B7 Gy
which confirms eq. .

5 Assertion 1

Starting from the defintion of our c-function eq.
c(g) = Clg) + 48" H), — 6847 G,
Where we use:
B9;C(g) = —68"H; + 28%0 (5" H,;)
BIBROuGij + B (0:8%)G 1 + B (9;8%) G =
BROLH; + 0;8" Hy, — H; + 28%Gyy,
which leads to
B*Okc(g) = [B*0xC(g) + B*0k(B'H,)] — 68" 0 (857 Gij)
= [~6B"H; + 68"0x (B H;)] — 68%01(B' 7 G;).
Treating the last term with care we obtain
BroL (BB Gyj) =
B (OB BIGi; + BFBF (0x87)Gij + BE BB 0k G
BI(0;8%) B Gri + B 87 (9:;8%)Gjx + BB 870k G

The previous equation contains only dummy indices, so permuting the first and

second line after the equals sign as respectively.
[§ =0 — kik — ]
[j = kik— 59— 7]

11



gives, using (21),
B(67(9;8")Gri + B7(3iB") Gy + B3 0hGij) =
BB Ok H; + 0,88 Hy, — H; + 285Gy =

B'BYO H; + B'0i " Hy — B H; + 268 B Gy,
BB 0k H; + 0B H; — B H; + 28 B Gy,
B*(B'H;) — B'H; + 2B B Gy,

|

~~ Y~
D
[\

—_ — — ~— —

Plugging this into (24) and using that G is the metric in the last step:

B'0;c(g) = (65)

(60" H; + 65"y (5" H,)] — 68" 0,(5' 3/ Gi;) = (66)

[—68°H; + 68%0y, (8" H,)| — 6[8" (8 H;) — B H; + 28" "Gy1,] = (67)
—128°8%G, (68)

Where G, can be thought of as the norm of the state and thus must be positive
definite, because of unitarity (Zomolodchikov, p.288). So we can go to a basis
where this matrix is diagonal such that we get:

—128°8%Gi = —12[B2G11 + B2Ga + ... (69)

6 Assertion 2

Starting from:

B'0ic(g) = —12B'8"Gix (71)
— B[0ic(g) + 128°Gix] = 0 (72)
— dFe(g) = —128F (73)

where G** is some positive definite matrix, the metric in parameter space. So
we see that if 5¥(g) = 0, this implies that 9;c(g) = 0, thus proving assertion 2.

7 Assertion 3

From the definition of ¢(g) evaluated at g = g, where 3%(g*) = 0:

c(g) = [Cg) + 4B*(9)Hi. — 68 (9) B (9)Gij]l g=g- (74)
c(g*) =C(g") (75)

e(g*) = 22 [< T(2)T(0) > |g=¢+] = (76)

2 | Gt o e o @

c(g*) = ¢+ 2°T(0) — 9,1(0)2> (78)

c(g) = 2;;4[%54] =c (79)

12



Where in the last step we used the well known OPE for the energy momentum
tensor. And took the limit z — 0.

8 Conclusion

So we see that the value of ¢ decreases when ¢ increases. Therefore if we have
two fixed point g(—oo) = g7 and g(+00) = g5 which are joined by a trajectory
g(t) in t-space. Since ¢ has unit of inverse energy squared we conclude that if
t gets really large the energy scale is small and when t gets small the energy
scale gets large. Then we have the following values for ¢: ¢(g7) = 1 = cyvy
and ¢(g3) = ca = ¢rg. Where ¢jr < cyy because ¢ decreases when ¢ increases.
Since ¢ represents the number of degrees of freedom, we conclude that at high
energies there are more degrees of freedom than at low energies.

13



9 Applications of the c-theorem

An application of the c-theorem is to calculate how the central charge changes
between 2 fixed points. Starting from eq. and using 3'0; = d/dt:

Bi0ic =128'8"G (80)
de
prie —12G(t) (81)
f/dc = 12/G(t) dt = 12/(@(x)@(0)> (22)? d(In(22)) = (82)
12/ (©(2)0(0)) r* d(In(r?)) = 24/ (©(z)0(0)) 73 dr (83)
c(o0)
—/ de =¢(0) — c(o0) =¢1 —ca = Ac = (84)
c(0)
x 3 dr
24/0 (©(2)6(0)) 7* d (85)

Where in eq. we have used eq. . And used that zZ = r? in and we
integrate r from zero (the UV fixed point) to infinity (the IR fixed point).
Where after a different normalization one obtains [4]

Ac = 3 /Ooo (©(2)0(0)) 73 dr (86)

9.1 Application to the Ising model

The purpose of this section is to indicate an application of the c-theorem. To
increase readability, we do not rederive results. These can be find in [4]. So one
can start with the Ising model action,

5 = / YO+ 0, &, (87)

and perturb it with a mass term —ima1). From this once can calculate (9 (z)0(0)),
which leads to

©@e0) = (5= ) [K20m) - K30 (59)

where Ky, K; are Bessel functions. Plugging this back into eq. we find
together with ¢; = 1/2

Ac=1/2 = c2=0 (89)

which is the central charge of a purely massive field theory in 2 dimensions
[4]. We thus see that this mass perturbation generates an RG flow to a theory
which is purely massive theory and therefore have checked explicitly that ¢ = 0
for a massive theory [4]. An application of the c-theorem is thus to explicitly
calculate the values of ¢ for another theory.

14



10 Cardy’s a-theorem

We would like to see if there is a c-theorem in 4 dimensions. We can first
try Zamolochikov’s approach; define correlation functions as eq. -eq.
which are proportional to the correlation function of the stress energy tensor
with itself. And from these definitions try to define a c-function of which the
derivative is proportional to : < ©(x)©(0) > where © = T}, such that all
wanted properties listed in section 2 are satisfied.

10.1 Zamolodchikov’s approach

The first step is to define a correlation function in d dimensions, which is in-
variant under parity transformations and which has conformal weight 2d, where
d is the number of dimensions. Invariance under parity tells us that we can
only have an even number of terms proportional to ry, with A(r) some parity
invariant function

Fuipsepn = ATy,

T = —Tug

Fupnown = (0" Fuypy
We see that n must be even.The second constraint tells us the norm of every
term appearing should be proportional to 7~2¢ and thus that for every vector
r) we add we should also divide by |r| to have the correct conformal weight of
2d. Moreover the correlator needs to be symmetric in its first two and last two

indices, since the energy momentum tensor is symmetric in its indices. This
leads to the following two point function:

< TywTrp >= (A/r2d+4)rurur)\rp

H(B/r*H2) (rury0np + AT 00

+(C/7‘2d+2)(r#r>\6,,p + 0T\ pup + Tl p0ux + T p0,0)
+(D /128,675 + (B /724 (6,000 + 0urbpup) (90)

where A, B,C, D and E are invariant amplitudes dependent on position. We
can define our c-function to be

4 1 1
c=-2—[A+ 5(d2 +d+2)B+(d+3)C+ 5d(d+1)D + (d+ 1)E],
(91)
such that:
=2 ey -20d-2)B (92)
‘T Tdr '

We would like to stress that the derivation of equation (63) is not obvious. One
must start from the conservation equation: 0*T,, = 0 and the decomposition:
O = 5(g)¢. To get relations between the derivatives of these amplitudes A, B, ...,

15



just like we have shown is possible in the d = 2 case: see equations eq. and
eq. .

The main point is that Zamolodchikov his approach of proving the existence of
a c-function by using correlators and invariant amplitudes, only works in d = 2
due to term proportional to (d — 2)B in eq. . Because in d # 2. We have
in a fixed point (© = 0): ¢ = 2(d — 2)B, thus c is not stationary in a fixed
point. Which is the second property we want our c-function to have (section
2). So we come to the conclusion that to show the existence of a c-function in
4 dimensions we need another approach.

11 Cardy’s approach: A c-function in d dimen-
sions

We know from the Weyl anomaly that when the theory is place on a curved
background the expectation value of the trace of the stress energy momentum
tensor is (up to normalization of (27)~1)[3]

(©) = —cR/12.

Now define the following c-function in d = 2:

3

C=——
2 S2

(0) \/gd?z.

On the 2-sphere with radius p, we have R = 2/p?, such that we get

c 2 c
©=-5t--5 (93)
%
Cifi _c Vod2x (94)
21 Jg2 6p2 g
¢ [1 .
C—‘FE/? p~sind dfd¢ (95)
c
=4+—14 96
c=¢. (97)

We see that this definition of the c-function appears to be correct when the
theory is placed on the 2-sphere. This idea can be generalized to d dimensions
where d is an even number. The definition below of the c-function vanishes

when d is odd:

c:(—1)d/2ad/ (©) \/5d%z (98)

In conclusion, we have found a way of defining ¢ that directly satisfies property
3 in section 2 [3].

16



11.1 Perturbing the action

As we saw before in section [9] we can perturb the action with an operator that
generates an RG flow. In this case we can consider perturbing the action by
some weakly relevant operator ¢q

S=5"—X / b0 /gdz (99)

Where we want to renormalize this field: ¢(z) = Z~/2¢y. Where ¢y has
scaling dimension d — y with 0 < y <« 1. Zamolodchikov showed that the
following relation holds

© = S(d)B(g)d(x) = S(d)B(9)Z ™ *¢o(x) (100)

where S(d) = 27%2(I'(d/2))~" which is just the inverse of the angular integral of
the d-sphere: [ Q4. So in order to calculate ¢ we need to know: < ¢ >, Z, 5(g).
We know that

Blg) = ~v9 — 5S(d)bg” +O(g") (101)
Z = 1+2S(d)bg/y + O(g%) (102)
(90) = %o [ (60(0)60r)) d'r
4338 [ (600)60(r1)nlra)) dract (103)
= Xo(2p) I, + %/\3(2,))*“31113 (104)

where I, I3 are the integrals stated below:
_ _d/2 ['(—d/2 +vy)

I =2 S (105)
4 DW/2PT(—d/2 4 3/2)
b= T ar) 10

The 2- and 3-point functions in equation eq. are defined as follows: (¢o(0)¢o(r)) =
=2 and (¢o(0)po(r1)go(r2)) = rhrk|ry —re|™ [5], where h = d—y [3] the scal-

ing dimension of the bare fields ¢g. Plugging in these definitions into eq.
should give (13) and (14) from Cardy his paper [3]. However we can not fig-

ure out where the factor of : m comes from. Plugging in everything and
integrating over the d-sphere gives

clg) o ~3g” — ¢ S(d)by" = (107)
~ 59l + 3 S(d)bg (108)
o) o 49 — 1/25(@)bg? = B(9) (109)

So we see that ¢(g) is stationary when S(g*) = 0., directly satisfying property 2
from section 2. However we see that ¢ is proportional to the 8 function. This
function is not a monotonically decreasing function so property 1 is not satisfied
and we can not prove the existence of a c-function in four dimensions.
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12 The possible existence of an a-Theorem

In the previous section we saw that it was not possible to have a c-theorem
in d dimensions, since the monotonic decreasing property was not proven. We
would like to know if there can be an c-theorem in 4 dimensions (henceforth
called a-theorem) based on the knowledge we have by looking at a theory where
we know the degrees of freedom (the values of ¢(g)) in the IR and in the UV.
We want to do this for QCD. We know that in the UV the coupling g goes to
zero. The coupling g becomes infinitely strong in the IR. We know the degrees
of freedom (the value of the c-function in these limits) to be as follows, where
Ny are the amount of massless Dirac fermions and N, are the gauge bosons of
the group SU(N.)[3]

lim c(g) = agy = 11NNy + 62(N2 —1) (110)
g—
gli_}nolo c(g) =aigr = NJ% —1. (111)

The a-theorem, would be violated if

ayy < aypr (112)
11NNy +62(N? — 1) < N7 — 1 (113)
N7 = 11NNy —62(N? —1) —=1>0 (114)

Changing > — = and solving for Ny

11 1
N = 5 Net 5 12INZ +4[62(NZ — 1) + 1]
(115)
11 11N\ 2
:t o C
Nf _2NC:|:\/ ( 5 ) +62(N2—-1)+1
(116)

Sketching ayy and arg fig. [} as a function of Ny and only looking only at the
positive solution we conclude that the a - theorem is not true if

11 11N,\?
NJT>2NC+\/< 5 ) +62(N2 —1)+1 (117)

However ayy is valid up to Ny = HéVC so we (fig. [1) that ayy is always bigger

than ayp so the existence of an a-function could be proven.

13 Current status and future perspectives

So Cardy could not prove the a -theorem, but he conjectured the existence of
it [3]. In a paper by Osborn in 1989 [6], Osborn showed that an a-theorem
exists when using pertubation theory on a curved space. In a paper by Ko-
margodski & Schwimmer [7] it was shown that the a-theorem is also valid in a
non-perturbative approach.
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1) | a_IR 2)

a_IR

11/2 N_c

Figure 1: Sketch of the degrees of freedom (y-axis), in the IR and in the UV
of QCD, as a function of the number of massless Dirac fermions Ny, Plot 1)
displays the degrees of freedom (d.o.f.) before the cutoff is imposed. Plot 2)
displays the d.o.f. after the cutoff is imposed. The cutoff is at Ny = HéVC,
beyond this value the theory becomes asymptotically free (thus we are in the
UV). Below this value the theory is strongly bound and we are in the IR.
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